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Covariant gauges for constrained systems
S. A. Gogilidze, ∗ A. M. Khvedelidze, † V. N. Pervushin
The method of constructing of extended phase space for singular theories which permits
the consideration of covariant gauges without the introducing of a ghost fields, is proposed.
The extension of the phase space is carried out by the identification of the initial theory with
an equivalent theory with higher derivatives and applying to it the Ostrogradsky method of
Hamiltonian description .
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I Introduction
The crucial point for understanding the physical content of gauge theories consist in the iden-
tification of field degrees of freedom with observable quantities. The direct way to achieve
this is to handle only with physical degrees of freedom. To realize this program at the classical
level one can pass to the theory without redundant variables. This elimination of redundant
variables — the reduction of initial theory, can be carried out in the configuration or phase
space. Correspondingly, we have the Lagrangian or Hamiltonian form of reduction. In the
former we restrict the configuration space to the consideration of the gauge fields obeying
the Lagrangian constraint equations. As a result, nonphysical variables disappear from gauge
invariant quantities and the remaining physical variables describe a usual unconstrained sys-
tem admitting the Hamiltonian description. For realization of the Lagrangian reduction it is
necessary to deal with the explicit solution of constraints. But it is not such as a straightfor-
ward procedure. In the first place, in general it involves a solving of complicated differential
equations. Secondly, apart ¿from these practical difficulties there is a desire to maintain the
manifest covariance of the initial gauge theory which is immediately broken after resolution
of the Lagrangian constraints. To avoid these disadvantages connected with the resolution of
constraints in the Lagrangian reduction scheme, one commonly uses the Dirac description for
generalized Hamiltonian systems [1] - [3], based on the notion of weak equations. In this case,
the Hamiltonian reduction consists in the elimination of these week equations. The elimination
of weak equations is achieved by gauge - fixing procedure: introduction into the theory of some
new “gauge constraints ” and replacement of the Poisson bracket by the Dirac one. According
to the Dirac method, the gauge condition is an arbitrary function of coordinates and momenta
alone. This gauge type of gauge conditions has been called the unitary gauges [3]. However,
the class of unitary gauges is not sufficiently large. The so - called covariant gauges (e.g.
the Lorentz gauge ∂µA
µ = 0) containing the velocities, which are alien to the Hamiltonian
description, turned out it. So the manifest covariance is again unattainable. There are known
methods how to overcome this difficulty. It has been shown [4] that one can always consider
the gauge with explicit time dependence which is equivalent to the velocity depending gauge
and, thus reduce the problem to the case of unitary gauges with explicit time dependence.
Another approach has been established in ref. [5] where with the aim to include this class of
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gauges in the consideration the phase space of the initial system is extended by introducing
the auxiliary fermionic fields (ghost fields).
In the present note we suggest an alternative approach to consideration of covariant gauges.
In contrast with the approach [5], the phase space for degenerate theory is constructed without
introducing ghost fields, by the identification of the initial theory with the equivalent theory
with higher derivatives and applying to it the Ostrogradsky method of Hamiltonian description
[3], [6]. We will construct the extended phase space ( without ghosts ) and demonstrate that
the gauge fixing condition, which contains a velocity and thus is nonunitary in ordinary phase
space, represents a usual unitary gauge in the obtained extended phase space.
The remainder of this article is organized as follows. In the next section, we shall briefly
describe the gauge fixing method according to Dirac’s scheme. Section 3 is devoted to the
Ostrogradsky method of construction of the phase space for systems with higher derivatives.
(the Legendre transformation generalization) In section 4 we describe our scheme. And in the
last section we consider the application of this scheme to the case of relativistic particle.
II Dirac’s method of reduction : unitary
gauge fixing
Let us recall briefly the main points of construction of the Dirac Hamiltonian description for
degenerate systems . Suppose, that the system with finite number of degrees of freedom has
the following first class constraints (α = 1, . . . , m)
φα(p, q) = 0, {φα(p, q), φβ(p, q)} = fαβγ(p, q)φγ(p, q). (2.1)
The generalized Hamiltonian dynamics is described by the extended Hamiltonian
HE = HC + uα(t)φα(p, q) , (2.2)
where the HC is canonical Hamiltonian and uα are the Lagrange multipliers . According to
the Dirac gauge fixing prescription one must introduce the new “ gauge ” constraints
χα(p, q) = 0 (2.3)
with the requirement
det{χα, φβ} 6= 0, (2.4)
From the maintenance of these auxiliary conditions (2.3) in time it follows the set of equations
0 ≡ χ˙α = {χα, HC}+
∑
β
{χα, φβ}uβ = 0, (2.5)
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which allows determining the unknown Lagrange multipliers. Formally, the solution can be
written as
uβ = −
∑
{HC , χα}C
−1
αβφβ , (2.6)
where C−1 is the inverse matrix of
Cαβ = {χα, φβ}, CαβC
−1
βγ = δαγ
The Dirac elegant observation consists in that instead of the determination in such a way the
unknown function uα(t), one can change the Poisson brackets to the new — Dirac one
{F,G}D = {F,G} − {Fχα}C
−1
αβ {φβ, G}, (2.7)
Since, all constraints, including gauge one, have zero Dirac’s brackets with everything, we can
consider them as strong equations. This change of brackets reflects the reduction in number
of degrees of freedom. It is easy verify that
n∑
i=1
{qi, pi}P.B. = n
n∑
i=1
{qi, pi}D = n−m
So the Dirac brackets take into account the constrained character of the theory and effectivelly
reduce the phase space.
As it has been mentioned in the introduction, this method works only for gauges, known
as unitary gauges [3]. To overcome this restriction one can proceed as follows. Suppose, the
gauge condition depends on derivatives of the r + l - th order of coordinates with respect to
the time
χα(p, q
(0), q(1), q(2), . . . , q(r+l)) = 0 , q(k) ≡
dk
dtk
q(t) (2.8)
The main idea is to consider the enlarged configuration space by rising these higher order
derivatives the status of coordinates. This can be achieved by identifyning the initial theory
with equivalent theory with higher derivatives and applying to it the Ostrogradsky method for
construction of the phase space. More precisely, suppose that r - is the maximum of the order
of derivative with respect to the time q(r) entering in to the Lagrangian (r)L(q, q(1), . . . , q(r))
while the highest order of time derivative in gauge fixing condition is r + l.Then, instead of
do the Legendre transformation on the coordinates of the configuration space of the initial
Lagrangian L(q, . . . , q(r)) we suggest dealing with the Legendre transformation for the new
Lagrangian (r+l)L∗ defined as a function of fictional auxiliary variables q(r+1), . . . , q(r+l1) by
the anzatz
(r+l)L∗(q, q(1), . . . , q(r+l)) = (r)L(q, q(1), . . . , q(r))
The phase obtained for the new equivalent theory will be an extended phase space for the
initial system. And our gauge fixing conditions (2.8), nonunitary in the ordinary phase space,
now becomes the usual unitary gauge in the extended phase space. To prove this, let us briefly
describe the Ostrogradsky method of the Hamiltonian formulation of theories with higher
derivatives [3], [6].
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III Ostrogradsky method for theories with higher
derivatives
Let us consider the variational problem for the unconstrained mechanical system 1
S[q] =
∫
dtL,
descrbed by the Lagrangian L(q, q(1), q(2), . . . , q(k)) which is a function not only of coordinate
q and velocity q˙ but also of higher derivatives of coordinate with respect to the time. The
Euler - Lagrange equation follows from the extremum condition δS = 0
k∑
s=0
(−1)s
ds
dts
(
∂L
∂q(s)
)
= 0 (3.9)
with the zero boundary conditions for variations δq(i)|boundary = 0 i = 0, . . . , k − 1. Thus, in
general the Euler - Lagrange equation has order 2k. The Ostrogradsky theorem stands that
there is a generalized Legendre transformation such that this Euler - Lagrange equations for
the non - singular n - dimensional system (3.9) can be transformed into the equivalent set of
first order equations of the Hamiltonian form on a space of dimension 2kn. To construct the
Legendre transformation, let us introduce 2kn canonical variables ξi and pi i = 1, . . . , k
ξi = q
(i−1), (3.10)
pi =
k∑
s=i
(−1)s−i
ds−i
dts−i
(
∂L
∂q(s)
)
(3.11)
and then set the function
H(ξ, ξ˙) = −L+
k−1∑
i=1
piξi+1 + pkξ˙k (3.12)
where the Lagrangian L in terms of new variables has the form
L(q, q(1), q(2), . . . , q(k)) = L(ξ1, ξ2, . . . , ξk, ξ˙k)
Now, taking into account that for nonsingular Lagrangian we can express from (3.10) the
velocity ξ˙k as a function of the remaining r variables
ξ˙k = f(ξ, p),
one can, according to Ostrogradsky’s theorem [3], [6], rewrite the Euler - Lagrange equations
(3.9) in the Hamiltonian form
ξ˙i = {ξi, H},
p˙i = {pi, H}, (3.13)
1We assume that q is the n - dimensional vector
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with the Hamiltonian H(ξ, p) defined by
H(ξ, p) = H|ξ˙k=f(ξ,p), (3.14)
and the Poisson brackets in (3.13) have the form
{F,G} =
k∑
s=1
(
∂F
∂ξs
∂G
∂ps
−
∂F
∂ps
∂G
∂ξs
)
IV Enlarged phase space for covariant gauges
Now we are ready to return to the case of the singular theory with the first class constraints
(2.1) and to consider the covariant gauges of the type (2.8)
χα(p, q, q
(1), q(2), . . . , q(l+1)) = 0
Let us correlate with the initial singular theory, describing by Lagrangian L(q, q˙) the equivalent
theory for which the new Lagrangian is considered as a function of additional derivatives of
the coordinate with respect to the time variable up to the l-th order ( l is a maximal order of
a time derivative in the gauge condition ( 2.8))
L∗(q, q(1), . . . , q(l)) = L(q, q˙) (4.15)
The method of construction of phase space picture for non singular Lagrangians described in
previous section admit the generalization to the singular case in Dirac’s sense [3]. Application
of the above written procedure to new Lagrangian L∗ gives the following. According to the
definition of canonical conjugate variables (3.10), for the theory (4.15) we obtain the usual
part of canonical variables q, p
ξ1 = q
(0) = q,
p1 =
∂L
∂q1
= p, (4.16)
and additional one ξ∗i , p
∗
i , i = 2, . . . , l + 1
ξ∗i = q
(i−1),
p∗i =
l+1∑
s=i
(−1)s−i
ds−i
dts−i
(
∂L∗
∂q(s)
)
, (4.17)
From (4.17) it follows that in addition to the old constraints (2.1) we obtain a new set of l
constraints
p∗i = 0, i = 2, . . . l + 1. (4.18)
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Taking into account that the new canonical Hamiltonian coincides with the initial one
H∗C(ξ
∗p∗) = HC(ξ1, p1)
one can verify that there aren’t new secondary constraints, and we obtain the extended Hamil-
tonian for the new theory in terms of the old one HE(ξ1, p1)
H∗E(ξ
∗p⋆) = HE(ξ1, p1) +
l+1∑
s=2
u∗sp
∗
s, (4.19)
with new Lagrangian multipliers u∗. So in the extended phase space (ξ∗p∗, ξ1, p1) we get the
generalized dynamics with the set of constraints
φα(p, q) = 0, α = 1, . . . , m,
p∗i = 0, i = 2, . . . , l + 1, (4.20)
with the desired condition (2.8), that has the form of a unitary gauge depending only on
canonical variables
χα(ξ
∗, p∗, ξ1, p1) = 0. (4.21)
Now if we wants to reduce the phase space of our theory due to the appearance of new
constraints (4.18), we need additional l - gauge conditions
χ⋆α(ξ1, p1, p
∗, ξ∗) = 0 , α = 2, . . . , l + 1.
V Gauge xµx˙
µ
= 0 for a relativistic particle
In this section, we will apply the above described scheme to the simple example, the relativistic
particle with mass m
W [x] = −m
T∫
0
dτ
√
x˙2µ. (5.22)
This action is invariant under reparametrization of time
τ → τ ′ = s(τ),
x(τ) → x(τ ′)′ = x(τ), (5.23)
with ds/dτ > 0. Therefore, there is an arbitrary function in the solution for the equation
of motion . As a consequence of this invariance, we have identically vanishing canonical
Hamiltonian and energy shell constraint
ϕ1 ≡ p2 −m2 = 0. (5.24)
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Thus, the total Hamiltonian is
HT = u(t)(p
2 −m2).
There is some freedom in the definition of dynamics in the reparametrized invariant theory.
This fact is reflected in the gauge fixing procedure. It is known that in this case the gauge
fixing condition with necessity explicitly depends on the time parameter. For example, the
proper time fixing
x0(τ) = τ
corresponds to the instant form of dynamics for relativistic particle . In this gauge, one can
according to (2.6), fix the function u(t)
u(t) =
1
2
√
p2i +m
2
(5.25)
and get the usual equations of motion
x˙i =
pi√
p2i +m
2
(5.26)
governed by the reduced Hamiltonian HRed =
√
p2i +m
2 [7]. How cfn one can get this results
in a gauge with the dependence onthe velocity x˙µ, for example, of a following type:
ξ ≡ x˙µxµ = 0 (5.27)
To do this, we will act in the spirit of the previous section. Let us pass from the initial singular
theory, described by the action (5.22) to the equivalent theory for which the new Lagrangian
is considered as a function of a first and second order derivatives of coordinates with respect
to the time. After the transformation to the enlarged configuration space with the coordinates
ξµ = xµ, ξ
∗
µ = x˙µ,
L∗(ξ, ξ∗, ξ˙∗) = −m
T∫
0
dτ
√
ξ∗2µ, (5.28)
we see that in addition to the old constraints (5.24) there are new ones
p∗µ =
∂L∗
∂ξ∗µ
= 0. (5.29)
Taking into account that new secondary constraints do not arise we obtain the extended
Hamiltonian for the new theory
H∗E = u(t)(p
2 −m2) + u∗νp
∗
ν , (5.30)
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with the new Lagrangian multipliers u∗ν . The gauge condition x˙
µxµ = 0 in the enlarged phase
space has now the form of unitary gauge
χ = ξ∗µξ
µ = 0 (5.31)
Let us choose additional gauge conditions for elimination of new constraints (5.29)
χ⋆ν ≡ ξ
∗
ν − aν(τ) = 0
with some functions aν(τ). With the help of these gauge conditions one can find the Lagrange
multipliers and verify that the choice of this vector leads to one or another form of dynamics.
The choice aµ(τ) = (a(τ), 0, 0, 0) corresponds to the instant form of dynamics with the time
variable x0 = a(τ) while for the light - like vector aµ(τ) = (a(τ), 0, 0, a(τ)) we get the light
cone formulation for the relativistic particle dynamics with the light cone time x+ ≡ x0+x3 =
2a(t).
The authors would like to thank A.N. Kvinikhidze, V.V. Nesterenko and Yu.S. Surovtsev
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